We study modeling of two-phase flow in highly heterogeneous fractured and porous media. The flow behaviour is strongly influenced by mass transfer between a highly permeable (mobile) fracture domain and less permeable (immobile) matrix blocks. We quantify the effective two-phase flow behaviour using a multirate rate mass transfer (MRMT) approach. We discuss the range of appli- 
Introduction
Flow and transport through highly heterogeneous porous and fractured media may be poorly predicted with equivalent homogeneous models that are characterized by effective hydraulic parameters. The impact of heterogeneity manifests in heavy tails of solute breakthrough curves or recovery curves during water flooding of an oil reservoir which is not captured well by such models. This behavior may originate from the local non-equilibrium of the flow or transport processes which are observed on a large scale.
Transport behavior caused by local non-equilibrium has been investigated for solute [1, 2, 3, 4] and heat [5, 6] transport in groundwater and for two phase flow processes like oil recovery [7] or unsaturated flow [8] . When flow and transport is considered in a medium where non-equilibrium behavior is relevant, the full porous medium structure needs in principle to be represented in a flow or transport model, in order to capture the local processes. For a fractured rock this means that fractures and rock matrix need to be resolved in a model, which is computationally very expensive. As, however, tailing often needs to be captured in a model prediction, large effort has been spent to develop simplified modeling approaches that are less expensive, but can still capture the main features. This applies also to two-phase flow problems, such as modeling of oil recovery.
The classical approaches on Darcy scale to model flow and transport in fracture networks are the equivalent porous media (EPM) approach, the discrete fracture (DF) approach and the multi-continuum approach [9, 10] . For the EPM, the fractures are modeled together with the surrounding rock matrix as an equivalent porous media [11] and are thus represented by a variation of flow or transport parameters of the rock matrix locally. These approaches are often too simplified to capture tailing effects. For the DF approach, the rock matrix continuum is superimposed by lower dimensional elements, which represent the fractures. When applying a numerical scheme to solve the resulting models for the DF approach, a fine discretization is required to accurately represent the local differences in flow and transport parameters, especially at the interfaces between matrix and fractures [12] .
Multi-continua approaches conceptualize the fractured medium in terms of a mobile primary continuum, the fracture network, and a series of less mobile secondary continua, the matrix blocks, which communicate with the primary continuum through properly posed continuity conditions at the interfaces between the continua. Mass transfer processes in the primary continuum equilibrate fast over the scale of a representative elementary volume and therefore are represented through a spatial average. Thus, the complex spatial structure of the fracture network is represented in an effective way as an equivalent porous medium, while the slower processes in the secondary continua participate in the average mass transfer in terms of non-local sink-source terms. Common multi-continua models [13, 14, 15, 10] include the dual continua (DC) and triple continua (TC) [16] and the multiple interacting continua (MINC) models [17, 18] .
Dual porosity (DP) models or mobile-immobile models are a special case of the DC model. In fractured rock it is obvious to distinguish two zones: the fracture network and the matrix blocks. The fracture network represents the mobile zone, where "fast" flow or transport processes takes place, and the matrix blocks represent immobile zones, characterized by slow exchange processes.
When the fracture network is sufficiently well connected [17] , so that an REV for the fracture network can be defined [9] , it is feasible to model the fracture network and the matrix blocks by applying a mass balance for each zone separately. The crucial point in this type of models is the modeling of the processes in the immobile zone respectively the exchange fluxes between mobile and immobile zone. The DP model can be solved numerically for each zone directly [19] or can be simplified using transfer functions or the multirate mass transfer (MRMT) approach.
In the transfer function approach (for example [20, 21, 22] ), the exchange between mobile and immobile zone is approximated as a linear or nonlinear single rate mass transfer and the immobile zone is represented as a fully mixed system. Different types of transfer functions have been reported for diffusive solute transport, capillary counter-current flow during two-phase flow or flow driven by gravity [23, 24, 25] .
A MRMT approach is obtained if the response of the immobile zone is modeled by a sink / source term that is non-local in time. The kernel of the time integration can be considered a memory function. The memory function can be expanded into a sum of exponential functions [26, 27] . Exponential functions are the analytical solution for single rate transfer processes. This means that, for example, diffusion like mass transfer can be modeled by a distribution of single rate transfer processes, hence MRMT model [28, 29] .
The MRMT and transfer function approaches differ from each other when applied to fracture networks. For the transfer function approach there is one transfer function or one single rate transfer process for each block size [25] . The block size distribution is then modeled by a superposition of transfer functions and the resulting model is referred as multi rate double porosity (MRDP) model. MRMT models can also be represented by superpositions, however, the superposition does not necessarily represent a superposition over block sizes, but the superposition is also due to the expansion of the memory function into exponentials to capture dynamics different from single rate transfer. Naturally, a superposition over different block sizes can be carried out on top of that.
Despite the variety of different approaches to model two-phase flow in fractures in a simplified way, while capturing the effect of the heterogeneous structure, they are not much applied in practice. One reason is that more parameters are required than for a two-phase flow model in a homogeneous medium and it is not so clear how these parameters could be estimated. This is in particular true if fracture networks are considered. Also, concepts are often tested with media with one single fracture (for example [30, 19] ), but not often for fracture networks. Geiger et al. [31] studied a fracture network without taking heterogeneity in the capillary forces into account.
In this contribution we show the applicability of a MRMT model (presented in [30] ) for immiscible two phase flow to two dimensional fracture networks, where the flow in the fracture network is simplified by a single continuum. We present timescales for characterizing flow in fracture networks to quantify conditions where the MRMT model is needed to make good predictions of recovery.
We also make suggestions how parameters of the MRMT model for a fracture network can be estimated. The parameters are calculated by analyzing fracture and matrix geometry. We show two approaches to approximate the global memory functions for the MRMT model, both of them based on a superposition of functions obtained from a scaling of a reference memory function. In the one case the reference memory function is calculated numerically and in the other case it is approximated by a truncated power law function. To demonstrate the methods, we consider a forced imbibition scenario in a fracture network and spontaneous imbibition driven by capillary pressure in the matrix blocks. We compare the results of the one dimensional MRMT model with estimated parameters and the results of a full two dimensional two phase flow model applying the EPM approach, where the code Dumux [32] is used.
Although we focus on fractured media, all concepts can be easily transferred to highly heterogeneous porous media in general. The heterogeneous medium would be split into a 'fast' domain (equivalent to the fracture domain) and a 'stagnant' domain (equivalent to the matrix domain). This paper is organized as follows. In the second section we show the equations for two phase flow in porous media and the upscaled MRMT model. In section 3, we discuss a scaling approach to calculate the parameters for the MRMT model. In section 4, we apply the MRMT model with estimated parameters to different fracture networks and conclude with a discussion. In the Appendix, we show how to numerically solve the MRMT as MRDP model.
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Two-Phase Flow Multirate Mass Transfer Approach
In this section, we outline the two-phase flow equations that describe immiscible displacement in fractured and porous media. We then generalize the multi-rate mass transfer model derived in [30] to more realistic media, which are characterized by a distribution of immobile regions with different characteristic capillary diffusion time scales.
Two-Phase Flow in Porous Media
We model the horizontal flow of two incompressible and immiscible fluids in a rigid porous media. Based on the surface tension, one fluid is referred to as the wetting phase (index w, e.g., water) and the other one as the non-wetting phase (index nw, e.g., oil). Each phase is described by a phase pressure p α (ML −1 T −2 ) and normalized saturation S α (-), with α = w, nw, which fulfill
Conservation of mass for each fluid is expressed as
where n f (-) is porosity. The specific discharge q α (LT −1 ) for each phase is modeled by Darcy's law neglecting gravity
where K (L 2 ) is the intrinsic permeability tensor, k r,α (-) is the relative permeability of phase α, and µ α its viscosity (ML −1 T −1 ). The capillary pressure is defined as the pressure difference between non-wetting and wetting phase and is assumed to be a unique function of saturation,
Equations (1) are referred below as the full model. They are the starting point for the derivation of the MRMT model, which is outlined below. A detailed derivation from the full model to the MRMT model by homogenization theory is presented in [30] .
By introducing the total Darcy velocity q t = q nw + q w , the full model (1) can be cast in the fractional flow formulation for the saturation of the wetting phase S ≡ S w as in [33] 
where the fractional flow functions are defined as f = λ w /λ t and Λ = k r,nw f .
The phase mobilities are λ α = k r,α /µ α and the total mobility is λ t = λ w + λ nw .
The incompressibility of each fluid phase gives for the total Darcy velocity ∇ · q t = 0.
Multirate Mass Transfer (MRMT) Model
As outlined in the Introduction, the MRMT model divides the fractured media into a mobile zone Ω f , the connected primary continuum, and a suite of immobile zones Ω i , the secondary continua. Quantities referring to the fracture domain in the following are marked by the subscript f , while quantities referring to the matrix domain are denoted by a subscript m. Quantities referring to the secondary continuum ω are marked by the subscript ω.
In the fracture network the flow is assumed to be viscous dominated, while in the matrix blocks spontaneous countercurrent imbibition is assumed to be the dominating flow process, so that viscous flow can be neglected. The fracture and matrix continua communicate through the continuity of capillary pressure and fluxes at their interface.
The non-local two phase flow model presented in [30] is derived from (2) by applying homogenization theory to a media which consists of a fracture continuum and a single class of immobile continua characterized by the same geometry and physical characteristics. We generalize here this non-local model to account for mass exchange between a mobile continuum and a spectrum of immobile continua characterized by multiple exchange rates. The mass balance equation for the average fracture saturation S f in such a medium is given by
where the angular brackets denote the average over the immobile zone of type ω (cf. the single squares in figure 1 ),
The distribution density P(ω) measures the relative frequency of immobile zones of type ω which are characterized by the same geometry and physical properties.
The average total Darcy velocity in the fracture continuum is denoted by q t,f .
We defined the effective volume ratio
with n f,f intrinsic porosity and V f total volume of the fracture domain, and n f,m and V m the average porosity and total volume of the matrix domain. The effective volume ratio of the immobile zone of type ω is given by
with n f,ω the intrinsic porosity of the immobile zone of type ω.
The saturation S ω of the immobile continuum ω is given by the mass conservation equation
where the non-linear capillary diffusivity is defined as in [34] 
The capillary pressure-saturation relationship in the immobile zones of type ω is given by p c,ω , which is proportional to p c,ω ∼ 1/ √ K ω (Leverett scaling) with K ω the permeability of immobiles zones of type ω. As a result, we have the
with permeability.
The boundary conditions for each matrix block i are imposed by the saturation in the surrounding fracture
i.e., continuous capillary pressure over the interface between fracture and matrix, which thus assumes local capillary equilibrium in the medium.
The initial saturation is denoted by S ω (t = 0) = S 0 ω . Equation (5) quantifies the spontaneous imbibition of the wetting fluid into the matrix and needs to be solved for the given geometry of the individual matrix block. It is a non-linear diffusion equation, whose solutions have the characteristic Boltzmann scaling, i.e., a saturation front scales with √ t. As outlined in [30] , the flux term in (5) is linearized by approximating the capillary diffusivity D ω by a suitably chosen constant value, D ω ≈ D ω = constant. The determination of an equivalent constant diffusion coefficient from the non-linear diffusion problem is discussed in Section 3.1.2. This substitution yields a linear diffusion equation for the saturation S ω of immobile zones of type ω,
The linearized diffusion equation (8) can be solved using the method of Green's functions [30] . This gives for the spatially averaged saturation in regions ω
where the boundary saturation S ω,b (x, t) = P
} is enforced by continuity of capillary pressure. The Green's function g ω (x, t) solves the linearized problem (8) for the unit pulse g ω (x, t)| x∈∂Ωω = δ(t) on the boundary and the initial condition of g ω (x, t = 0) = 0. The local memory function is defined by the spatial average over the Green's function as
Inserting (9) into the right side of (3) gives the following closed form equation
where we defined the global memory function ϕ(t) by
Explicit analytical solutions for the local memory functions ϕ ω (t) can be obtained for slabs, cylinders and spheres [28, 29] . For more complex geometries of the matrix domain Ω ω , the local memory functions can be obtained numerically [35, 36] . Eq. (11) is the upscaled model for the full problem described in Section 2.1. It has only one primary variable, the fracture saturation S f , and it is parameterized with the two-phase flow parameters for the fracture and with the memory function ϕ(t). The memory function is thus the core of the upscaled model.
The Global Memory Function
In the following we discuss the characteristic time scales of the mobile fracture domain and the immobile matrix domains, first in the light of the application limits of the MRMT approach, and second to relate the geometrical and physical properties of the immobile domains to the global memory function.
Time Scales
In this subsection, we discuss the conditions for the assumptions made in the MRMT model posed in the previous section: Viscous dominated fast flow in the fracture network and capillary dominated slow flow in the matrix blocks.
To this end, we suggest a definition of time scales, which characterize fracture and matrix flow.
Viscous Time Scales
The characteristic time scale for the viscosity dominated fluid displacement in the fracture domain is given by
where A f is the cross-sectional area of the fracture network available for injection, and q t,b is the total flux at the inlet boundary, and S f the saturation at breakthrough averaged over the whole fracture domain. The viscous time scale t q,f compares the volume available for the wetting fluid to the the volumetric flow rate in the fracture domain. This corresponds to the characteristic breakthrough time at the outlet.
The mean saturation S f before breakthrough can be found by analyzing the fractional flow function as described in [37] or can be estimated by S f = 1, when the rarefaction wave of the displacement solution is negligible. The viscous time scale t q,m for the matrix blocks may be related to t q,f by t q,m = (K f /K m )t q,f . Thus, viscous flow in the matrix is negligible for (
provided that flow in the fractures is viscous dominated.
Capillary Diffusion Time Scales
The capillary diffusion time scales t ω of an immobile region of type ω can be estimated from an analytical solution for countercurrent imbibition as described by the non-linear diffusion equation (5) with the boundary conditions given by (7). As pointed out above, a saturation front displays the characteristic √ t scaling of a diffusive front. McWorther and Sunada [34] give an analytical solution for the displacement of a saturation isoline for imbibition into a slab characterized by porosity n f,ω and diffusivity D ω ,
where r denotes the position of the invading front. It is specific for a given saturation. The functions F and A are defined in [34] implicitly by
We obtain a characteristic front depth r ω , and with that a characteristic time scale by averaging (14) over saturation from the initial saturation S 0 to the boundary saturation S b , which gives
where we set
. Equation (16) ω . We define now the characteristic capillary diffusion time scale as time t ω at which the average front has reached the length scale L ω such that
Notice that this capillary diffusion time scale is derived from a 1d solution,
where counter current flow into one block happens from two sides. In a 2d
block, where counter current flow occurs from four sides, the capillary diffusion time scale yields
The characteristic length scale for the matrix is the shortest distance that is passed by the capillary counter current displacement front, until two front positions meet. It is can be estimated by [38] 
where V ω is the volume of the immobile region of type ω. It has N faces i = 1, . . . , N , each of which has the area A i and a distance l Ai to the volumetric center of the matrix block. For a two dimensional rectangular block with a width a and length b one obtains
Note that this implies that matrix blocks can be anisotropic.
For the MRMT model, the non-equilibrium aspects of the immobile zone, this means the time behavior before it equilibrates with the mobile zone, is important because this is when the matrix-fracture transfer strongly influences the front speed in the fracture network. We therefore use the length scale (19) to derive the capillary diffusion time scale t ω (18), which reflects this nonequilibrium aspects well. This is discussed in more detail in Appendix C.
The Memory Function
The global memory function ϕ(t) in (12) is at the heart of the MRMT modeling approach. It encodes the mass transfer between mobile and immobile zones, and its structure reflects the geometry and heterogeneity of the immobile regions [36] that are no longer resolved in the upscaled model. As indicated by (10) and (12), the global memory function can in principle be determined by (i) calculating the local memory functions ϕ ω (t) for the matrix geometry of each block type ω of the fracture network, and (ii) determining the weighted sum over the local memory functions using the volume fractions of each type ω of immobile zones.
The most general and accurate method would be to (numerically) determine the local memory function ϕ ω (t) for each matrix geometry and to average them.
Although the calculation of the local memory functions needs to be done only once at the beginning of the simulation, this method is not very practical. Below, we present two different ways to estimate the local memory functions. Both methods are based on a scaling approach for the local memory functions ϕ ω (t).
This reduces the effort to calculating only one local reference memory function φ(t). The distribution over the local functions is obtained by rescaling the reference function with the capillary diffusion time scales t ω obtained from the matrix geometry of the single blocks. The local reference memory function ϕ(t) is here calculated with two different methods. For the first method, it is calculated on a reference block numerically. The second method is based on approximating the local memory functions by an analytical function.
The local memory functions ϕ ω (t) scale with respect to the characteristic capillary diffusion time scale t ω determined in the previous section. This can be seen as follows. Equation (8) for the Green function g ω (x, t) can be nondimensionalized by scaling x = x L ω / √ 2 and t = t ω t with L ω and t ω given by (19) and (18). Thus we obtain for the Green function the governing equation
with the boundary condition g (x , t )| x∈∂Ω = δ(t ). The local memory function is then given by
Note that the term in the square brackets depends on the properties of the immobile zone predominantly through the time scale t ω . If the immobile zones have the same topological characteristics, which we assume is the case, we can in good approximation disregard the specificities of the particular geometry of the immobile zones. Thus we approximate the memory function by the scaling form on the right side of (22), which defines the scaling functionφ(t). This scaling function can then be estimated from the memory function for a single
The memory function for an immobile domain ω 0 behaves as 1/ √ t for t t ω0
and decreases exponentially fast for t t ω0 [28, 29] . Thus, the scaling function ϕ(t ) shows the 1/ √ t decay for t 1 and a sharper decrease for t 1.
The global memory function is now given in terms of the scaling function ϕ(t ) as
where P t (t ω ) denotes the probability density function (PDF) of characteristic capillary time scales. It can be expressed in terms of the distributions of the geometric and physical characteristics of the immobile zones through having the explicit expression (18) for t ω . In practice, the integral will be transformed to a sum over all matrix block types.
If the matrix blocks have the same permeability K ω , the dependency of the local memory functions on the capillary diffusion time scale t ω can be reformulated into a dependency on the characteristic length scale L ω , as defined in eq. (19) . The local memory function ϕ ω can then be obtained from the local memory function ϕ ω0
In general, the PDF of time scales, P t (t ω ), can be related to the PDF of matrix block properties, which can be estimated directly from information about the fracture network. For simplicity, we assume that the intrinsic immobile porosities are the same for all regions such that n f,ω = n f,m . Furthermore we assume that the effective capillary diffusion depends on the physical properties of the medium only through its dependence on the hydraulic conductivity such that D ω = A √ K ω with A a constant. The time scale t ω then reads as
We write the in general coupled
where p K|L (K|L) is the conditional PDF of K given L. Thus, the PDF of time scales can be written as
If the immobile regions are all of equal conductivity but variable extensions, the distribution of characteristic time scales simplifies to
Note that the flow behavior is controlled by the distribution of mass transfer time scales P t (t ω ), in particular for large times. Long residence times can be caused equally by low hydraulic conductivities and large sizes of the immobile regions. For the sake of computational efficiency, the test cases studied in the following consider a distribution of characteristic matrix length scales while the hydraulic conductivity is kept constant.
Besides the PDF for capillary diffusion time scale distribution, the reference memory functionφ(t ) needs to be determined in order to calculate the global memory function from eq. (24). We suggest here two different methods to do that.
In the first method, the local memory function ϕ ω0 is obtained from the numerical solution of the capillary diffusion problem (5) for a single immobile region of type ω 0 . The pragmatical aspects are outlined in Appendix B. We use then the scaling relation (23) in order to determineφ(t ) from the numerically calculated local memory function ϕ ω0 .
The second method approximatesφ(t ) directly by the parametric form
where Γ(x) denotes the Gamma function. The scaling function (30) has similar characteristics as the scaling function obtained from the first method through (23), but a simple analytical form. With this approximation, no numerical solutions are needed. Notice that the cut-off behavior of the local memory function for the non-linear diffusion problem is different from the exponential decay of the surrogate scaling form (30) . This is due to the fact that the non-linear diffusion coefficient (6) decreases with decreasing saturation. This leads to a smoother break-off behavior than the exponential cut-off of (30) [30] . This is illustrated in In case that the flow in the matrix is faster than the flow in the fracture, t q,f > t ω , local equilibrium conditions hold and a single equivalent porous medium describes the averaged flow well. In this case a MRMT approach is not necessary.
Study Cases
We 
General Setup
The fractured media for both examples are shown in figure 3 and the flow parameters can be found in table 1 and 2. For the examples we simulate oil recovery from these fractured media during a water flooding of the reservoir. On the fracture at the right boundary, there is a constant non-wetting pressure p n = 10 7 Pa and a constant water saturation of S w = 0.2. The upper and the lower boundary and on all matrix boundaries are no-flow boundaries for both phases. For the full 2D model the fracture networks as shown in figure   3 are used as parameter fields using the boundary and initial conditions as described above. For the MRMT model, we simulate an equivalent 1D fracture domain with homogeneous parameters. The parameters for the MRMT model are calculated from the structure in the observation volume (see figure 3 ). An image analysis of the structure gives the total volumes V f and V m of the fracture respectively of the matrix, the cross-sectional area A f of the fracture network at the inlet as well as the width a and length b of each matrix block. These values are needed to calculate the parameters for the MRMT model such as the effective volume ratio a v , the total Darcy velocity q t and the local memory functions ϕ ω . The global memory function is then calculated from all local memory functions using (12) as
where the integral in eq. (24) 
HereS m andS f are the movable water saturation, calculated as
where V f and V m are the total volumes of the fractures respectively the total volume of the matrix blocks. In the examples these are the volume of the fractures respectively the volume of the matrix blocks in the observed volume as defined in figure 3 . S max i
is the maximal water saturation. In these examples the maximal water saturation is S max i = 1 in the fracture network and in the matrix blocks.
Simple Fracture Network: Time Scales
In the first example, we want to show the applicability of the model by comparing the full 2D model to the 1D MRMT model for different ratios of viscous time scale in the fracture and the capillary diffusion time scale in the matrix blocks. We keep the viscous timescale t q,f for the fracture constant and vary the timescale t ω for the capillary flow in the matrix blocks by varying the intrinsic permeability in the matrix block.
We show four different cases as given in table 2. For the first case (A) we have a faster flow in the matrix than in the fracture, t q,f > t ω and for the second case (B) the time scales are comparable t q,f ≈ t ω . For the third and fourth cases (C1, C2) we choose the parameters such that t q,f < t ω , and expect that the flow in the fracture is much faster than the flow in the matrix.
The parameters for the MRMT model can be found from the geometry of the fracture network and the flow parameters. We calculate a v = 5. The saturation distributions from the full 2d models can be found in figures 4 and 5. In figure 4 we show the saturation distribution, when the mass of oil in the fracture is reduced to 50% compared to the initial state and in figure 5 we blocks is the distance to the outer boundaries, which is the same for all matrix blocks. The tailing (see figure 6 ) is caused by an interaction of matrix-fracture transfer and rarefaction in the fracture network. As the capillary diffusion time scale t ω is representative for all matrix blocks, it predicts when the recovery in the full system is almost complete. The tailing in the breakthrough curves in figure 6 have for this reason all the same slope in the log-log plot (caused by the rarefaction) and break off at different times, which correspond in the case C1 and C2 to the capillary diffusion time scale t ω (10 5 s for C1 and 10 6 s for C2). In case A and B this time scale would be before breakthrough time.
The resulting non-equilibrium flow behavior is well represented by the presented MRMT model.
In the cases A and B (table 2) , where the flow in the fracture is equally fast or slower than the flow in matrix, the displacement front in the fracture stops when it touches a matrix block, until this matrix block is filled up and continues to move after that. This becomes apparent in figures 4 and 5. Here the flow in the matrix is unidirectional. When comparing the recovery curves in figure 6 it can be seen that, despite the questionable approximation of the matrix flow just a simpler option. However, we would like to stress that the MRMT model, although in this case more complex than needed, does make good predictions of the averaged flow.
The timescales that are here suggested differentiate between these flow behaviors and can be used to estimate the flow regime. The capillary diffusion time scale characterizes the flow for the matrix well and the length scale (19) of Ma et al. [38] gives a good estimate for the relevant length scale of the matrix blocks that is needed to estimate the time scale for counter current flow. This capillary diffusion time scale t ω can be used to parameterizes the local memory function in the matrix block and will be used in the estimation suggested in the next section.
Complex Fracture Network: Estimating the Global Memory Function
In the second example we demonstrate the scaling approaches to approx- For the second method, we approximate the local memory functions by a truncated power law, which is given by (30) and (23) as
Here we calculate the McWorther solution once to calculate the capillary diffusion time scales t ω in the matrix blocks, but we do not need to do any numerical simulations on 2d grids to find the local memory functions. is carried out, but the assumption is made that one capillary diffusion time scale is representative for the whole matrix domain. For this we use the averaged capillary diffusion time scale, t d = ω n ω χ ω t d,ω = 3.7 × 10 6 s (cf. figure 7) .
The associated memory function is calculated numerically. 
Summary and Conclusions
We show the application of a MRMT model with pre-estimated parameter functions to simulate immiscible displacement in complex fracture networks. In order to estimate the applicability of the MRMT approach, we introduced time A fundamental assumption of the upscaled multi-rate mass transfer model is that the fracture network itself can be represented by a continuum with effective properties. The fracture network is here represented as a fairly homogeneous continuum with a straightforward way to estimate effective parameters because the focus of this paper is to capture the fracture-matrix exchange in an upscaled model. If the fracture network is complex with lots of dead ends and not welldefined matrix blocks, the approximation of the global memory function from the superposition of scaled blocks is expected to become more complex or to fail.
The fracture network needs to be sufficiently well connected. This is related to the requirement that a macroscopic representative elementary volume needs to exist for the medium. If this is not fulfilled, the continuum approach for the fracture network fails and it may be better to apply the DFM approach.
If the fracture network is heterogeneous, but representable as a continuum, the upscaled model for the fracture needs to be extended by effective parameters and possibly by effective processes. In the complex fracture network, we found a spreading of the front caused by the heterogeneity of the fracture network itself. This front spreading may be captured by an additional dispersion term for flow in the fracture network [39, 40, 41] .
Strong fracture network heterogeneity and long rage structures, as caused, for instance by variation in the fracture aperture, may cause preferential flow paths. Such a scenario might happen if there are few intersecting fractures with large aperture in a network with smaller aperture fractures. This might lead to a fast breakthrough along these preferential paths, while other parts of the fracture network do not contribute to the displacement process. The capillary flow within these passive fractures will be much weaker than that into the matrix blocks. In this case, the fracture network would need be represented by a more advanced upscaled continuum model. A possible approach would be so separate the fracture network itself into a mobile continuum, containing the contributing fractures, and assign non-participating fractures to a second immobile continuum with little exchange or even represent it with a reduced porosity of the medium. The topology of these non-participating fractures will influence the global memory function, as they will form barriers in the matrix blocks. The pre-estimation of these continua for a given fracture network is not straight forward and goes beyond the scope of this work. We would like to stress that this applies to fracture networks with long range structures only. If the apertures of the fractures are highly heterogeneous, but the correlation scale of aperture variability is much smaller than the intersecting length of fractures, the flow parameters of the fracture might need to be represented by effective parameters.
Apart from the fracture network and the fracture apertures, the surrounding matrix is usually also influenced by heterogeneous material structure. This is not addressed in this work, but could be included straight away for the case that heterogeneity is moderate, meaning the variance of parameter contrasts is low and the correlation length of heterogeneity is small. If the matrix is moderately heterogeneous, the two-phase flow parameters in the matrix can be considered effective parameters, describing the spatial average distribution. For slow flow that is locally in equilibrium, such as for capillary counter current flow, this is a reasonable approach. If heterogeneity is strong, the matrix cannot be described well as one continuum. In this case the MINC approach [17] could be suitable.
A comparable effect causing preferential flow paths is segregation of fluids due to buoyancy. Gravity is not considered in this model, but will influence the flow in the fractured rock. Gravity affects the flow in the fracture network more than the flow in the matrix, as the gravity number, which compares gravity to capillary forces [42] , is proportional to the permeability of the medium. If the injection of fluid is horizontal (for example in a deep aquifer layer), gravity will lead to a flow segregation with the denser fluid flowing in the fractures at the bottom of the layer [e.g., 43]). The approach outlined in this paper could be used in a straight forward manner, but would require a two or three dimensional extension of the MRMT model, which is straightforward in the presented framework.
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To avoid carrying out an integration over time in the numerical scheme, which requires a very large amount of storage, the convolution integral modeling the sink source term is approximated by a sum of single rate transfer functions following [27] . Hence, the global memory function can be approximated by a sum of N exponential functions.
Here b j (-) are weighting coefficients and α j (T −1 ) are the transfer rates.
The exponential functions can be considered the solutions of the mass balance in immobile boxes with single rate transfer with the fracture domain.
The convolution integral in (11) can with this approach be approximated by a weighted sum of single rate transfer functions with N immobile boxes (see [27] for details).
S j (-) is the saturation in the immobile box j, We then find the weights w j = b j α j by minimizing the functional
For the logarithms of the times, 1/α j , we choose evenly distributed values between ln(1/α 1 ) and ln(1/α N ). For 1/α 1 we choose a fraction of the time step size ∆t/10 and for 1/α N the maximum simulation time t end . In the simulation we use five exponential functions per decade. Here t 1 is the first and t M is the last time step of the simulation.
With the approximation of the kernel of the convolution integral by a sum of exponential functions, we can now solve the MRMT (11) following [44] . We introduce a one dimensional grid with volumes i to discretize the upscaled frac- We apply an operator splitting scheme: First the exchange between matrix and fracture is evaluated, then the flow in the fracture is solved by an upwind finite volume method and explicit Euler time integration as described in [45] .
Assuming S mb = S k mb to be constant between time steps k and k + 1, each single rate transfer (A.2) can be solved analytically using S k j as the initial condition. where the time derivative is carried out by a numerical approximation, here a finite difference.
The memory function is normalized, as 
Appendix C. Comparison of Capillary Diffusion Time Scales
We now compare the new capillary diffusion time scale (18) to other capillary diffusion time scales from the literature that are used to parameterize MRMT or MRDP models. In these works, in contrast to our approach, the breakoff due to the interference of the displacement front with the matrix block boundaries is considered relevant. We focus on time scales based on the analytical solution of McWorther and Sunada [34] , because Schmid and Geiger [46, 47] These capillary diffusion timescales are compared with the numerical solution of (1) for rectangular matrix blocks using Dumux. We simulate 40 scenarios
with a boundary condition of S w,m = 1 at all interfaces, an intrinsic permeability In figure C.10 we compare the timescale t 30% to 0.09 times the analytical capillary diffusion timescales (C.2), (C.1) and (18) . We choose the timescale (18) to characterize the flow in the matrix blocks, because this timescale matches the early counter current flow behavior better than the other timescales.
